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Abstract

The aim of this paper is to more systematically and consistently present
some recent contributions that have attempted to combine two different
fields: the construction of composite indicators (CI's) and the measure-
ment of productive efficiency by means of frontier techniques. In particu-
lar, we have proposed to correct the classical Benefit of Doubt approach
index by means a non-compensatory approach and to introduce a more
robust estimator using order-m tecniques. Suggested methods have been
tested with reference to infrastructure endowment in European regions.
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1 Introduction

The aim of this paper is to more systematically and consistently present some
recent contributions that have attempted to combine two different fields: the
construction of composite indicators (CI’s) and the measurement of productive
efficiency by means of frontier techniques.

Both fields, in recent years, have made considerable theoretical and applied
progress (see e.g. Witte and Rogge| (2009)) and improvements, but, in our con-
sideration, has not yet fully studied the possible uses of the frontier techniques
in the construction of CI’s.

In particular, after having systematized the different theoretical approaches,
we have proposed some improvements both in the robustness field and with
respect to non-compensatory approaches.
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1.1 Composite indicators: history and methods

Composite indicators which compare country performance are increasingly
recognized as a useful tool in policy analysis and public communication, for a
variety of policy matters such as industrial competitiveness, sustainable devel-
opment, quality of life assessment, globalization and innovation. They provide
simple comparisons of countries that can be used to illustrate complex and some-
times elusive issues in wide ranging fields, e.g., the environment, economy, social
or technological development. These indicators often seem easier to interpret
by the general public finding a common trend in many separate indicators and
have proven useful in benchmarking country performance.

Along such lines the Joint Research Centre of European Commission asserts
that "no uniformly agreed methodology exists to weight individual indicators
before aggregating them into a composite indicator’ﬂ

A much wider ranging literature is found for the aggregation methods than
the one regarding weight systems; however, the two aspects are related and
interwoven and often lead to the same solutions.

Among many approaches proposed in the literatureﬂ two relate to our pur-
poses: the first one, called BoD based on Data Envelopment Analysis (DEA)
methods and the second one named MPCVE| proposed in 2010 by [DeMuro et al.
(2010).

The first approach (DEA techniques) have been used, among others, for the
European labor market analysis [Storrie and Bjurek]| (2000), for social inclusion
policies at EU level |[Cherchye et al| (2004) and for the internal market policies
Cherchye et al.| (2005). Similarly, some authors have suggested applying DEA
techniques to the Human Development Index (HDI) Mahlberg and Obersteiner
(2001)), [Despotis| (2005a)), \Despotis| (2005b]), |Cherchye et al.| (2008)).

The second approach, starting with a linear aggregation, emphasizes the non-
compensability between indicators, introducing penalties for units that present
an unbalanced basic indicators’ set.

For a greater clarity, we have simulated, for each method proposed, the
calculation of the composite indicators for two basic indicators I, > € [0,1];
in Figure [I] for example, the CI’s value by MPCV method that penalize units
with an higher values for I; and a lower I5 value (and viceversa), by rewarding
the "balanced” sets is represented.

Ihttp://composite-indicators.jrc.ec.europa.eu/S6_weighting.htm

2For a complete review, please see [Nardo et al| (2005)) and |Freudenberg| (2003) for major
applications and papers.

3Metodo di Penalita’ per Coefficiente di Variazione; in English: Method of Penalty for
Coefficient of Variation.
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Figure 1: MPCV distribution

Several steps are involved in creating composite indicators: investigate the
structure of simple indicators by means of multivariate statistic, handling the
problem of missing data that can be missing either in a random or in a non-
random fashion, bringing the indicators to the same unit to avoid adding up
apples and pears by normalization and finally selecting an appropriate weighting
and aggregation model. (for a complete explanation of every step, please see
Nardo et al.| (2005]))

Our analysis will only focus on the weighting and aggregation phase, that in
the field of CI's is of great importance and has yet to be really fully developed.

The present paper is presented as follows: in the second section a basic
productive efficiency framework is briefly outlined; in the third, fourth and
fifth section BoD, robust BoD and Conditional robust BoD are introduced; the
application to European infrastructure is presented in the sixth section and then
the conclusive observations are presented in the seventh one.

2 Basic productive efficiency concepts

In the last decades productive efficiency has been widely analyze(ﬂ and esti-
mated more often by using two different approaches: parametric and nonpara-
metric techniques.

The first one specifies a priori a functional form with constant parameters,
which are estimated with statistical and econometric methods. So for each
observation, the measurement of efficiency in terms of input, both output, is

4For a complete survey, please see IFried and Lovelll 42008]).




calculated with reference to the function estimated, which represents the fron-
tier of production technique under consideration. Evidently, the measure thus
obtained depends on the functional form specified in advance.

Consider a production technology where the activity of each DMU’s is char-
acterized by a set of inputs z € R% used to produce a set of outputs y € RY.
The production set is the set of technically feasible combinations of (z,y):

U = {(z,y) € RPT|x can produce y} (1)

¥ is the so called the support of H(x,y).

Figure 2: Support of Hy(z,y)

Some assumptions are usually made on this set, such as the free disposability
of inputs and outputs, meaning that if (z,y) € U, then (2’,y’) € U, as soon as
' >xand y <vy.

The Farrell-Debreu efficiency scores for a given production scenario (z,y) €
U, are defined as:

Input oriented  6(z,y) = inf{0|(0z,y) € ¥} (2)

Output oriented  A(x,y) = sup{A|(z, \y) € ¥} (3)

In practice ¥ is unknown and so has to be estimated from a random sample of
production units x = {(X;,Y;)|¢ = 1, ...n}, where we assume that Prob((X;,Y;) €
U) (so called deterministic frontier models).

The matter is related to the problem of estimating the support of the random
variable (X,Y") where U is supposed to be compact.

The most popular nonparametric estimators are based on the Farrel-Debreu
envelopment ideas; in this paper we present the input oriented approach.



The Free Disposal Hull (FDH) estimator Deprins et al. (1984) is provided
by the free disposal hull of the sample points X:

Uppy ={(z,y) eRPH|y < Y;, 2> X;, i=1,...n} (4)

The FDH efficiency scores are obtained by plugging T FpDH In equations
and [3]in place of the unknown V. R
If ¥ is convex, take the convex hull of ¥rpg:

\TJDEA = {(z,y) € RPTy < > v,yi for (1, .7n)
i=1

B (5)
such that > v =1;v >0,i=1,..,n}
i=1

3 Benefit of the Doubt approach (DEA applica-
tion to CI)

"The Benefit of the Doubt approach is formally tantamount to the original
input-oriented CCR-DEA model of Charnes et al. |Charnes et al| (1978), with
all questionnaire items considered as outputs and a dummy input equal to one
for all observations" [Witte and Rogge (2009).

The Farrell-Debreu efficiency scores (input oriented) for a given production
scenario (x,y) € ¥ when x is constant and equal to 1 may be defined as:

0(x,y) = inf{0[(0,y) € ¥} (6)

So the Free Disposal Hull (FDH) estimator is provided by the particular free
disposal hull of the sample points:

Uppg ={(1,y) e Ry < Vi, i=1,...,n} (7)

if ¥ is convex, take the convex hull of U rpu called Benefit of Doubt (BoD)
in accordance with |Cherchye and Kuosmanen| (2002]):

Upop = {(1,y) € Ry < 3 yyi for (y1,.70)

n =t (8)

such that > v, =1;v >0,i=1,...,n}
i=1

In Figure [3] we plot the BoD distribution; it may be readily noted that the
composite score depends exclusively on the frontier’s distance and not, contrary
to the MPCV, on the relationship between simple indicators. In subsection
B:2] we join BoD and MPCV methods to overcome, in a non compensatory
framework, this drawback.



BoD

Figure 3: BoD

The main drawbacks are directly linked with the DEA problem solution:
since the weights are unit specific, cross-unit comparisons are not possible and
the values of the scoreboard depend on the benchmark performance.

There are also two other drawbacks: the multiplicity of equilibria (see sub-
section and the robustness (see section [4).

3.1 Multiplicity of equilibria: Variance weighted BoD

Equation , in fact, hides a problem of the multiplicity of equilibria. Thus
weights are not uniquely determined (even though the CI is unique). The
weights values for the units are thus to be chosen among many (infinite) possi-
bilities. It is also worth noting that multiple solutions are likely to depend upon
the set of constraints imposed on the weights of the maximization problem: the
wider the range of the variation of weights, the lower the possibility of obtaining
a unique solution.

The optimization process could lead to many zero weights if no restrictions
on the weights are imposed, so bounding restrictions on weights are necessary
for this method to be of practical use.

Many additional weighting schema in recent years have been proposed; see

for instance, Rogge (2012), ....

Following an original methodology, we have proposed (please see
land Vidoli (2009)) to add a particular set of weight constraintsﬂ endogenously

determined to account for the variability of each simple indicator, in terms of
sample variance of each indicator.

5More precisely we added an "Assurance regions", type I (AR 1), please see

i al] @003).




Our basic thesis involves weighting simple indicators by their own sample
variance; thus, indicators with a high variability will strongly affect the compos-
ite indicator. There are however consequences to this approach: our measure-
ment has to be read as a 4AIJgap indicatoraAl among the unit characteristics.
Our preliminary hypothesis is that every single indicator /4, ¢ = 1...Q) is a prob-
abilistic variable, having a Normal Gaussian distributiorﬁ

IqNN(H]q,U[q),qul,-.-,Q (9)

In this way the vertical variance of each indicator can be computed in a
standard probabilistic setting and the unbiased variance confidence interval is:

-1 -1
P T co?<———)=1-a (10)
Xn—1,1-a/2 Xn—1,a/2
P(lowy, < 0® < highy,) =1—« (11)

Even when the underlying distribution is not Normal, the procedure is still
used to obtain the approximate confidence bounds for the variance estimated. If
the distribution is not too far from the Normal one, the procedure is sufficiently
robust and usually works well. We can use low;, and high, for each indicator
to reconstruct the marginal rates of substitution among indicators:

lowr,

—_— L Vi, j=1,.. 12
highlj = ij = hzghIl’ (2W) ) 7Q ( )

i

lowr, wr,
Lo Wi

Contrasting the confidence interval inferior limit of the variance with the
maximum of another one assumes a "benefit of doubt” attitude, by not imposing
an exact relationship among weights, but thereby establishing a range in which
every unit obtains the maximum relative weight.

3.2 Non-compensatory BoD: BoD-PCV

Munda et al:Munda and Nardo| (2005)) affirm the "if one wants the weights
to be interpreted as “importance coefficients” (or equivalently symmetrical im-
portance of variables) non-compensatory aggregation procedures must be used "D

To overcome the "non-compensatory" drawback, we can easily incorporate
the [DeMuro et al| (2010)’s idea in the basic BoD model assuming that each
indicator may not be replaced by the others or is so only in part. According to
this hypothesis, the method involves introducing a penalty for units that have
not balanced a budget for all components, such as:

BoD PCV; = BoD;(1 — cv?),Vi=1,..,N (13)

6To bypass this assumption, future developments of this methodology may involve the
analysis of the Kernel Density Estimate of the simple indicators and their own sample variance.

"For a complete survey about compensatory and non-compensatory approaches, please see
Vansnick]| (1990)).



where cv? represents the coefficient of variation for the unit i between all in-
dicators. This approach, therefore, allows for the penalization of the units that,
while having an equal BoD score, have a greater imbalance among indicators.

Figure 4: BoD-PCV

With respect to the individual BoD and MPCV approaches, BoD-PCV ap-
proach has two advantages: (i) it consistently takes into account the benchmark
units on the frontier and, (ii) at the same time, it penalizes, in the case of
non-compensatory issues, the presence of unbalanced data.

BoD-PCV model (see Figure[5]in which we added the presence of an outlier),
is logically and strongly influenced by outliers in the simple indicators.

Bod-PCV - with outlier

o8

Figure 5: BoD-PCV in presence of outliers



4 Robust BoD (Order-m methods application to
CI)

One of the main drawbacks of DEA /FDH nonparametric estimators is their
sensitivity to extreme values and outliers. To introduce order-m we first expose
the simplified idea and then we more precisely formalize the model.

Figure 6: Presence of outliers in a frontier framework

In this context, Cazals et al.| (2002)) proposed a more robust nonparametric

estimator of the frontier. It is based on the concept of the expected minimum
input function of order-m.
Extending these ideas to the full multivariate case, |Daraio and Simar| (2005)
defined the concept of the expected order-m input efficiency score. [Daraio and
Simar| (2005) affirmed that: "in place of looking for the lower boundary of the
support of Fx (x|y), as was typically the case for the full-frontier (DEA or FDH),
the order-m efficiency score can be viewed as the expectation of the minimal in-
put efficiency score of the unit (x,y), when compared to m units randomly drawn
from the population of units producing more outputs than the level y.

We extend Daraio and Simar| (2005))’s idea into CI's framework by drawing
repeatedly and with replacement m observations from the original sample of
n observations and choosing only from those observations which are obtaining
higher performance scores (11, I3) - red lines - than the evaluated observation

C.



Figure 7: The support of unit C

In other words and practically speaking:

e We draw m observation only from those observations which are obtaining
higher performance scores than the evaluated observation C;

e We label this set as SETy,;
e We estimate BoD scores relative to this subsample SETy,, for B times;

e Having obtained the B scores, we compute the arithmetic average.

Figure 8: Subsamples

This is certainly a less extreme benchmark for the unit C than the "absolute”
maximum achievable level of output.
C is compared to a set of m peers (potential competitors) producing more than

10



its level and we take as a benchmark, the expectation of the maximum achiev-
able CI in place of the absolute maximum CI.

More accurately, Daraio and Simar| (2005)) propose (for a more complete the-
oretical summary see Fried and Lovell (2008]) and |[Daraio and Simar| (2007a)) a
probabilistic formulation of efficiency concepts, supposing that the Data Gen-
erating Process (DGP) of (X,Y) is completely characterized by:

Hxy(z,y) = Prob(X <z,Y > y) (14)

so Hxy(z,y) can be interpreted as the probability for a unit operating at
the level (z,y) to be dominated. Note that it is monotone nondecreasing with x
and monotone non increasing with y. This joint probability can be decomposed
as follows (yet in a input-oriented framework):

Hxy(z,y) = Prob(X < z|Y > y)Prob(Y > y) = Sxy(z|y)Fy (y) (15)

~

An input oriented efficiency score 8(x,y) for (z,y) € ¥ is defined for all y
with Fy (y) > 0 as

~

O(x,y) = inf{6|(0zo,yo) € ¥} = inf{0|H (0z,y) > 0} (16)

Applying|Daraio and Simar| (2005))’s ideas to the particular case of composite
indicators, equation can be written:

H(z,y) = Prob(X =1,Y > y) (17)
where ¥ is the support of H(z,y) (18)

So Farrel-Debreu (input) efficiency score, since Prob(X = 1|Y > y) =1 can
be written as:

H(z,y) = Prob(X = 1Y > y)Prob(Y > y) = Fy(y) (19)

0(1,y0) = inf{0](0,y0) € ¥} = inf{O|H(0,y) > 0} (20)

11



Figure 9: Order-m in presence of outliers

Figure 10: Order-m PCV in presence of outliers

5 Conditional robust BoD (Conditional order-m
methods application to CI)

Using the probabilistic formulation, |Cazals et al.| (2002)) also suggested a
conditional efficiency approach which includes external environmental factors
that might influence the production process but are neither inputs nor outputs
under the control of the producer. |[Daraio and Simar| (2005)) extended these ideas
to a more general multivariate setup and proposed a practical methodology to
evaluate the effect of environmental variables in the production process.

12



Later, an extension to convex nonparametric models was proposed Daraio
and Simar|(2007b)) and also a significant amount of works has been done to prove
the consistency and the asymptotic properties of different conditional efficiency
estimators (see|Jeong et al.| (2008)).

The conditional efficiency approach consists of conditioning (for simplicity,
we report only univariate case) the production process to a given value of Z = z,
where Z denote a variable characterizing the operational environment. The joint
probability function given Z = z can be defined as:

HXY\Z(‘rvy) = P’I“Ob(X < {E7Y > y|Z = Z)
= Prob(X <z|Y >y,Z = 2)Prob(Y > y|Z = 2) (21)
= SX|Y,Z($\?J,Z)FY(3/|Z)

Daraio and Simar| (2005)), by analogy with the output Farrell efficiency score,
define the conditional output efficiency measure:

O(x,y|z) = inf{6](8z0, yo|z) € U} = inf{6|H (0z,y|z) > 0} (22)

To reduce the deterministic nature, again instead of using the full support of

S(z|y, z) we can use the expected value of maximum output efficiency score of

the unit (x,y), when compared to m units randomly drawn from the population

of units for which X < z. Analogously to the unconditional order-m efficiencies,

conditional efficiency measure A, (z,y|z) can be expressed using the following
integral:

Ao ]2) = / - (1 - Sy (ualy, )™ du (23)

Estimating S, (z|y, z) non parametrically is somewhat more difficult than for
the unconditional case, as we need to use smoothing techniques in z (due to the
equality constraint Z = z).

Witte and Kortelainen| (2008)) proposed to adapt the nonparametric condi-
tional efficiency measures to include mixed (i.e. both continuous and discrete
ordered and unordered) exogenous variables by specifying an appropriate kernel
function which smooths the mixed variables.

The conditional output efficiency measure (X = 1):

-~

O(z,y|z) = inf{0|(0,yo|z) € ¥} = inf{0|H (0, y|z) > 0} (24)

13



6 Application

As already done in previous works (Mazziotta and Vidolil (2009); [Mazziotta
et al.| (2010)), the proposed new approach concerning the construction of com-
posite indicators has been applied to infrastructure endowment.

In this case we have limited the analysis to terrestrial transport infrastructure
(roads and railways), for the following reasons: i) the relevance of this type of
infrastructure in any regional development strategy; ii) the coherence with some
previous applications (Mazziotta et al.| (2010))); iii) the opportunity of following
the same pattern shown in the methodological part of this paper, in particular
in the figures 1 to 10, in which two dimensions (that is, two infrastructure
categories) have been considered.

Because of the meaning of this paper is essentially methodological, the ap-
plication and the relative results have a nature of empirical example, more
than effective analysis of infrastructure endowment. In any case, we believe the
obtained results are very interesting, in order to verify the robustness of the
proposed methods concerning the construction of composite indicators. The
following methods are considered: BoD, BoD-PCV, Order-m, Order-m PCV
(for the meaning of these abbreviations, see previous paragraphs).

The application concerns two main categories of terrestrial transport: roads
(separately, motorways and other roads) and railways (separately, electrified
railways lines and railways lines double). Data set includes NUTS2 regions of
the main European countries (in terms of population and GDP): France, Ger-
many, Italy, Spain. In comparison with other works (Di Palma and Mazziotta
(2003)) United Kingdom has been omitted, because of the lack of data concern-
ing railways. Source of data base: Eurostat, Statistics by theme, 201@

More specifically, we used the following basic indicators:

o Motorways - Kilometres per 1000 km?;
e Other roads - Kilometres per 1000 km?;
e Electrified railway lines Kilometres per 1000 km?;

e Railway lines with double and more tracks - Kilometres per 1000 km?.

and the simple indicators are been calculated as:

2 - Motorways + Other roads

3
2
7 2 - Railway lines double + Electrified railway lines (25)
Trains —
3

IRoads =

8See http://epp.eurostat.ec.europa.eu/portal/page/portal/statistics/themes , Re-
gional transport statistics (reg tran)
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The main results of the application (see Figuresﬂ and|14]and Table
1)) are the following ones:

e the four applied approaches produce four corresponding rankings of con-
sidered European regions. The Co-graduation Index (Spearman Index,
see Table shows the distance among such rankings. This distance
is bigger in the case of comparison between the original BoD approach
and the revised BoD approach by means of MPCV index. Evidently, the
correction introduced in the construction of composite indicators by non-
compensatory approach gives more changes in ranking than the correction
caused by order-m approach;

e two regions always are on the top of the ranking: Berlin (the first region for
railways) and Ile de France (the first region for roads). Their endowment
level is always much more elevated in comparison of all the remaining
areas: this situation produces a "crushing effect" that risks flattening
the position of the other regions. The correction introduced by order-
m approach mitigates this effect and allows to highlight the differences
among the infrastructure levels of all the considered regions. From this
point of view the order-m approach can be considered an improvement in
regard to the other methods (BoD and MPCV);

e with reference to Italian regions, their ranking is not notably influenced by
different approaches: Nord-Est is always in the first half position, Nord-
Ovest and Centro are at the beginning of second half, and Sud and Isole
are situated at the ending part of ranking.

Approaches BoD BoD-PCV Order-m Order-m PCV

BoD 1

BoD-PCV 0.78 1

Order-m 0.89 0.92 1

Order-m PCV ~ 0.70 0.93 0.93 1

Table 1: Spearman Index for different approaches of construction of composite
indicators

91n order to highlight the correspondence of the obtained results with the methodological
part of the paper, Figures and propose the same framework that we used
in previous paragraphs. In fact, the results are represented by points corresponding to the
infrastructure indicators in European regions, while the framework is only indicative of virtual
pattern of each considered approach.

15



Trains.

Trains.

Roads

Roads

Figure 12: Order-m Composite Indicator
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Trains.

Roads

Figure 13: BoD-PCV Composite Indicator

Trains.

Roads

Figure 14: Order-m PCV Composite Indicator

Table [2] shows the complete results for NUTS2 regions.
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7 Final remarks

In this paper we have presented some new approaches in order to construct
composite indicators. In particular, two aims have been pursued: i) correction
of BoD Index by means a non-compensatory approach; ii) introduction of order-
m approach as a more robust estimator in the field of nonparametric frontier
techniques.

In order to the first aim, we have attempted to integrate BoD Index by a non-
compensatory approach, introducing in the construction of composite indicators
a penalty for unbalanced simple indicators. The resulting approach (BoD-PCV)
presents two advantages: it takes in account the benchmark units on the fron-
tier (peculiarity of BoD), and, at the same time, penalizes the presence of the
unbalanced simple indicators (peculiarity of MPCV).

In order to the second aim, we have introduced in the construction of compos-
ite indicators the concept of the expected minimum input function of order-m,
relevant overall in case of presence of outliers in a frontier framework. This
approach has been applied with reference to both synthesis methods above in-
dicated (BoD and Bod-PCV), obtaining a more robust estimation of composite
indicators.

Finally, these approaches have been tested with reference to infrastructure
endowment in European regions (terrestrial transport). The obtained results
confirm the improvement in the robustness of composite indicators by the in-
troduction of order-m technique.
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