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SOMMARIO

Il presente lavoro pone l'attenzione su alcune itden di Spatial Data Mining e Machine
Learning presenti in letteratura, considerandaeiioineno della “curse of dimensionality” che
caratterizza gli spatial databases e che renddéicaet i processi di pattern recognition e di
knowledge discovery.

In particolare si considera la classe degli “spa&sitioning trees” (PCA trees, dyadic trees, k-d
trees, RP-trees) e una versione del CART (Classific and Regression Tree) basata su un
indice di eterogeneita spaziale.

Infine, vengono analizzati alcuni algoritmi di desng, quali lo “spectral clustering” e
“algoritmi basati sulla densita” (DBSCAN) mettendo evidenza la relazione con gli spatial
partitioning trees in termini di efficienza e corgsita computazionale.
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1. INTRODUCTION

Datamining and Knowledge discovery has become aveaesearch area in the commercial and
scientific communities. Dealing with huge volumedazta is of primary concern in knowledge
discovery from spatial data. Spatial data are nrsdtirced, multi-typed, multi-scaled,
heterogeneous, dynamic. Therefore, knowledge mimirgpatial data is much more complicated
than general data mining and knowledge discovargti&l data mining and knowledge discovery
allow the efficient extraction of hidden, impliciipteresting, previously unknown, potentially
useful, ultimately understandable, spatial or npatigl knowledge (rules, regularities, patterns,
constraints) from incomplete, noisy, fuzzy, randand practical data in large spatial databases.
Basic tasks of spatial data mining are:

« classification: intends to discover in data hypersurfaces thatatassify spatial objects
into pre-specified classes; this piece of knowledge be a separating function that can
classify objects into classes according similagitie characteristics. It can also be a set of
classification rules stipulating how different sphtobjects can be assigned to pre-
specified classes;

e association rules: the knowledge task aims at the identificationpatterns of spatial
association of certain phenomena: spatial deperedendata, local and global issue of
spatial association or relationships;

* clustering: is the basic task by which structures can beods@d as clusters in spatial
data. The general interest is to discover the tparing or covering of space by clusters
representing a particular spatial structure;

e process is to discover underlying processes that geneiate series manifesting the
dynamics of certain spatial data: trends, cyclasregular occurrences.

In this context, we will deal a fundamental issbattregards the high dimensionality in spatial
data: the €urse of dimensionality This term originally introduced by Bellman (Beilan, 1961)

Is nowadays commonly used in many fields to refechallenges posed by high dimensionality
of data space.

In data mining, in large datasets with many po#gnfiredictor variables, this expression
describes the problem that increases as more \esiale added to a model. In particular, spatial
datasets are characterized by large size (e.diomsiof observations), high dimensionality (e.g.,
hundreds of variables), and complexity (e.g.,hefene@ous data sources, space—time dynamics,
multivariate connections, explicit and implicit siparelations and interactions).

In many cases the data preseriow intrinsic dimensiorand in this paper we present how a
nonparametric statistical methods are adaptivéaearitrinsic dimension of the data. The rest of
paper is organized as follows. In the Section 2,pnesent the class of space-partitioning trees
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and the theoretical support of these methods.drS#ction 3 we briefly review the Classification
and Regression Trees (CART) and we discuss thecylart version of CART based on spatial
heterogeneity index. Section 4 presents the dismusdout some clustering algorithms: spectral
clustering and density based algorithm for discionggerclusters (DBSCAN). Furthermore, we
describe the relationship with RP-trees in termsefitiency and computational complexity.
Finally, section 5 provides the conclusions andreitworks.

2. SPATIAL PARTITIONING TREE

In this section we present the class of spatiditfaring trees and its interaction with the Neares
Neighbor searching.

A spatial partitioning treerecursively divides space into increasingly firetpions. There are
many types of spatial partitioning trees, such ab tkees, dyadic trees, PCA trees, random
projection trees (RP-Trees). These spatial strastutepend on different split coordinate is
choosen at each stage. The most populare datdusérus k-d tree, which partitionBP” into
hyperrectangular cells. It is built in a recursmanner, splitting along one coordinate direction at
a time (Figure 1). The succession of splits cowasg to a binary tree whose leaves contain the
individual cells inRP. These trees are among the most widely-used bpmiéitionings in
machine learning and statistics. To understand dplication, consider Figure 1, and suppose
that the dots are points in a database, whilerib®sds a query point q.
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Figure 1: Left: A spatial partitioning of Rnduced by a k-d tree with three levels. The doés
data points; the cross marks a query point g. Ridpdrtitioning induced by an RP tree
(S.Dasgupta and Y.Freud, 2008).

The cell containing q, henceforth denoted cell ¢gn quickly be identified by moving q down
the tree. If the diameter of cell (q) is small (wdhehe diameter is taken to mean the distance



between the furthest pair of data points in thé,céslen the points in it can be expected to have
similar properties, for instance similar labels classification, q is assigned the majority lalpel i
its cell, or the label of its nearest neighborhe tell. In regression, q is assigned the average
response value in its cell. In vector quantizatignms replaced by the mean of the data points in
the cell. Naturally, the statistical theory aroukd trees is centered on the rate at which the
diameter of individual cells drops as you move ddthatree. For k-d trees, these cell diameters
can shrink very slowly when the data is high-dimenal. For D-dimensional data, it may require
D levels of the tree in order to halve the cellndeter. Thus the k-d trees suffer from the same
curse of dimensionality as other nonparametricissiedl methods. Recent works in machine
learning have showed that a lot of data which dugialty lie in a very high-dimensional space
RP actually have low intrinsic dimension, in the se$ lying close to a manifold of dimension
d < D (S.Dasgupta and Y.Freud, 2008). The k-d treesrdbadapt to intrinsic low dimensional
structure, so we review some variants of k-d tthaspossess this property.

Spatial partition trees conform to a simple tengalat

Procedure PartitionTree(dataset A C X')
if |Al < MinSize then
| return leaf

else
(Atett, Aright) < SplitAccordingToSomeRule(A)
LeftTree — PartitionTree(Ajes )
RightTree < PartitionTree(Ayight )

return (LeftTree, RightTree)

Figure 2: Spatial partition tree (N. Verma, S. Kpie and S. Dasgupta, 2009).

Different types of trees are distinguished by tlspiitting criteria (N. Verma, S. Kpotufe and S.

Dasgupta, 2009) :

» Dyadic tree: pick a coordinate direction and splits the datah& midpoint along that
direction. One generally cycles through all therdomates as one moves down the tree.

» k-d tree (k-dimensioanal tree): pick a coordinate direction and splits the datdha median
along that direction. One often chooses the coatdiwith largest spread.

* Random Projection (RP) tree: split the data at the median along a random timechosen
from the surface of the unit sphere.



» Principal Direction (PD or PCA) tree: split at the median along the principal eigengect
of the covariance matrix.

« Two Means (2M) tree: pick the direction spanned by the centroids ef 2hmeans solution,
and split the data as per the cluster assignment.

2.1 Notion of intrinsic dimension and diameter
In this subsection, we present a theoretical suppbrthese methods: notion ohtrinsic
dimension anddiameter. Let X denote the space in which data lie and & subset dR® and the
metric of interest is Euclidean distance. There avany different definitions of intrinsic
dimension: covering dimension, Assouad (or doublidgnension, manifold dimension, local
covariance dimension.

1. Covering dimension: a subset X[ R” has covering dimension d if there is a constant

C > 0 such that for any, X has ane-cover of sizeC (1/g) %

2. Manifold dimension: a d-dimensional manifold is a subsgt [1 RP such that for each
X € M, there is an open neighborhood around x, N(x) adiffeomorphism
fiNX) — RY

3. Assouad (doubling) dimension: a subset X[ RP has doubling dimension d if for any
(Euclidean) ball B R, X n B can be covered l# balls of half the radius.

These notions don’t capture the intrinsic dimensiibyn of data, especially for the
empirical verification: given a sample of pointaan from an underlying distribution P,
it is not easy to check whether P is concentragzat a low —dimenisonal manifold or near
a set of low Assouad dimension. We introduce aonadif local covariance dimension.

4. Local covariance dimension: a subset X1 R has covariance dimension &,r) if its

restriction to any ball of radius r has covariacnm® whose largest d eigenvalues satisfy:

A+ + B 21-e) N +..+ 1),
where (X +...+ A2) denote the eigenvalues of the covariace matriettare the variances in
each of the eingenvalues directions. Therefore, sag that a subset XU RP has local
covariance dimension (d, r) if neighborhoods of radius r have £)-fraction of their variance
concentrated in d-dimensional subspace.
Intuitively, the local covariance condition liesnsewhere between manifold dimension and
assouad dimension, although it is more generdham it merely requires points to be close to a
locally flat set.
Based on the training set, we will construct aipart A of X and we will built a piecewise —
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constant estimator f on the cells on this partitlostandard to decompose the error of estimator
in two parts:

* bias= how much does f vary within a single cell?

* variance=what is the error in estimating the mean value witfiin a cell?

The bias can controlled by making sure cells arallsifihe variance can be controlled by making
sure cells are large enough that they contain rdatey points.
Traditionally the analysis of bias is based on ptatsliameters of celld € A4,

A (4) = max, ,|lx — x|
This kind of diameter is hard to analyze for geheaamvex cells, so we consider more flexible
notions of diameter that measure the diameter w@f @éhin the cell.
For any cell4, we have two types afata diameterthe maximum distance between data points
in A, denotedA (4), and the average interpoint distance among dada denoted\, (4) (Figure
3).
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Figure 3: Various Notions of Diameter (N. VermaKpotufe and S. Dasgupta, 2009).

LetX = {X;,...,X,} be a data set drawn froii, and lety be the empirical distribution that
assigns equal weight to each of these points. @ensi partition of¢ into a collection of cellg

€ A. For each such cell, we can considere its maximul (data) diametert®maverage (data)
diameter; these are respectively,

A (A) = maxyreqany llx =Xl

.1 1/2
Ag (A) = TN (Bxxreanx llx —x'11?)



For a collectionA of disjoint subset of’, we use the following notion of average data di@me
(all over cellsA € A).

o (Sacan(@az (a2
A(A)_( Yacak(A) ) P

L (Saean(®Ag? (AN
Aa (A)_( Sacak(A) )

2.2 Splitting rules

In what follows, we assume the data lieAf and we review spatial data structures built by
recursive binary splits. They differ only in thetua& of the split, which we present in a
subroutine called @0OSERULE. The core tree-building algorithm is callechkE TREE, and takes
as input a data set & RP.
procedure MAKETREE (S)

if |S| <MinSizé return Lea

Rule«— CHOOSERULE(S)

LeftTree— MAKETREE({x € S : Rule (x) = true})

RightTree— MAKETREE({x € S : Rule (x) = false})

return ([Rule, LeftTree, RightTree])

The k-d tree @ooOSERULE picks a coordinate direction (typically the coomtm with largest
spread) and then splits the data on its mediarevfaluthat coordinate.

procedur e CHOOSERULE (S)
comment: k-d tree version

choose a coordinate direction

Rule(x) = x; < median ({z;:z€ S})

return (Rule)

A natural way to try building a manifold-adaptiveasial data structure is to split each cell along
its principal component direction.

% Stopping criteria can be set with the follows angmts:MinSize for the minimum node sizeyaxdepttfor the
maximum tree depth.
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procedur e CHOOSERULE (S)
comment: PCA/PD tree version
let u be the principal eigenvector of the covariaceSof
Rule(x) == x- u < median ({z- u:zeS})
return (Rule)

This method is adapted to low intrinsic dimensibat it presents two significant drawbacks in
practise. First, estimating the principal eigengectquires a significat amount of data (about
1/2¢ fraction of data winds up at a cell at level k bEttree). Second, when the extrinsic
dimension is high the amount of memory and commrnato compute data vectors and
eigenvectors becomes the dominant part of the ctatipn. As each node in the tree is likely to
have a different eigenvector this severely lintits teasible tree depth.

The random projection trees overcomes these probberm maintaing the adaptivity to low
intrinsic dimension.

The RPTree chooses a direction uniformly at randimm the unite sphere®$ and splits the
data into two roughly equal-sized sets using a fplpee orthognal to this direction.

We report an illustration of the RP-Tree algoritffiigure 4) to understand better this procedure.

Figure 4: An illustration of the RP-Tree algorithrh. The full data set and the PCA ellipse that
approximates it. 2: The first level split. 3: Thveot PCA ellipses corresponding to the two cells
after the first split. 4: The two splits in the ead level. 5: The four PCA ellipses for the cells a
the third level. 6: The four splits at the thirdrét. As the cells get smaller, their individual PCA

reveal 1D manifold structure. Note: the ellipsee &or comparison only; the RP tree algorithm
does not look at them (Y. Freund, S. Dasgupta, abr&and N. Verma, 2007).



The RP-tree algorithm presents several advantabesdata requirements are reduced: only
medians need to be estimated, not principal eiggasgthe tree depth is more feasible: we use
only k projection vectors, as opposed tb With a PCA tree; the amount of memory and
computation requirement for the training set isu because we can computekiprojection
values before building the tree ad we can replawh digh dimensional data point with ks
projection values (in general we have<1R< 20).

We describe two variants of RP-Tree, called respbeRPTree-Max, RPTree-MeanThey are
both adpative to intrinsic dimensi¢8. Dasgupta, Y. Freund,2008).

procedur e CHOOSERULE (S)
comment: RPTree-Max version
choose a random unit directionsv R°
pick any x& S; let ye S be the farthest point from it
chooses uniformly at random in-1, 1]- 6||x —y|W D
Rule(x) == x - v<median ({z - viz€e S}) + 6)
return (Rule

procedur e CHOOSERULE (S)
comment: RPTree-Mean version
if A2(S) < c- AZ (S)

choose a random unit direction v
Rule(x) = x - v<median {z - v : z€ S})

else {Rule(x) = |[x — mean(S) || < median ||z — mean(S) || : z € S}
return (Rule

then{

In the RPTree-Mean version, in the first type ofitsphe data in a cell are projected into a
random direction, instead the second type of splitased on the distance from the mean of the
cell.

Now, we investigate the decrease in average diamedalting from a given split depends just on
the eignspectrum of the data in the local neightood.

In the RP-Tree the data diameter of the cell dsg®at a rate that depends only on the intrinsic
dimension of the data, not D&t d be the intrinsic dimension of data fallingaimpartitcular cell

C of an RP tree. Then all cells O(d) levels belowave at most half data diameter of’ @N.
Verma, S. Kpotufe and S. Dasgupta, 2009).



For the RP-tree we remind two main results: sup@ws&P tree is built from a data set[$
RP, not necessarily finite. If the tree hiasevels, then it partitions the space int§ ells. We
define the radius of a cell € RP to be the smallest> 0 such that $ C [ B(x, r) for somex

€ C. The following theorem gives an upper bound anrtite at which the radius of cells in an
RPTree-Max decreases as one moves down the tree.

THEOREM 1 (Dasgputa and Freud, 2009)here is a constant, with the following property.
Suppose an RPTree-Max is built using data séf SR”. Pick any cell C in the RP tree; suppose
that SN C has Assouad dimension d. Then with probability at least 1/2 (over the
randomization in constructiong the subtree rootédCy for every descendefit which is more
thanc; d log d levels below C, we have radi(8") < radius(C)/2.

The next theorem gives a result for RPTree-Meanhlihaed on two different splitby distance
andby projection

THEOREM 2 (Dasgputa and Freud, 2008)here are constants 0 & , ¢, c3 <1 with the
following property. Suppose an RPTree-Mean is husihg data set S1 R”. Consider any
cell C of radius r such that § C has local coviariance dimension {a) wheree <c; . Pick a
point x € SN C at random, and let’be the cell contains it at the next level down.

» If Cis split by distance,E[A (SN C')] <c, A (SN O).

 If Cis split by projection, thel [ 42 (SN C')] < (1 — (c3/d)) 4% (SN C).

In both cases, the expectation is over the randatioiz in splitting C and the choice € S0 C.

For PCAtree, the diameter decrease after a sprtts on the local spectrum of the data. Let A
be the current cell being split, and suppose tharance matrix of data in A has eigenvalues
A1>...>Ap. If the covariance dimension of A id,€), define

k= -3l (1)
By definition, k< d.
The diameter decrease after the split depend %prthe worst case beign when the data
distribution in the cell has heavy tails; in thesahce of heavy tails (condition (2)) it depends jus
on k. This condition holds for any logconcave distribat (such as Gaussian or uniform
distribution), for istance.
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Proposition 1 (N. Verma, S. Kpotufe and S. Dasgupta, 200%)ere exist constants O ¢ ,
c, <1 with the following property. Suppodé(4) < c- AZ (4), so that A is split by projection
into A={A, Ay} using PDtree split. If AX has covariance dimensigd, c,) then

45 (A) < (1 = c/k?) 45(4)
wherek is defined in (1).
If in addition the empirical distribution oA N X satisfies (for any € R and some, > 1)

Ea[(X -v—=5)%] < ¢y (Ba[X -v—5])? (2)
We obtain a faster decrease where
A2(A) < (1 = cp/k) A%(A)

For 2Mtree, the rule split by projection is basedthe difference between the mean over the
bisection of A, the direction= mean(A) -mean(A) , the threshold is represent by the half point
between the two means.

The 2-means cost can be written as

Zie[z] ZxEAinX”x — mean (Ai)llz :gA(Zz(A)

Thus, the 2Mtree (assuming an exact solver) mirésdiZz(A). It decreases diameter at least as
fast RPtree and PDtree.

Proposition 2 (N. Verma, S. Kpotufe and S. Dasgupta, 20@)pposé\?(4) < ¢ A2 (4), so

that A is split by projection into A={A Ay} using 2Mtree split. There exist constants @<

¢, <1 with the following property. Assumé\X has covariance dimensigd, c;). We then have
45(A) < (1 - cp/d") 45(4)

whered’ <min{d,k?} for general distribution, and’ is at most for distribution satisfy (2).

The diameter decrease parametrg?, k,d’ in the previous proposition are a function of the

covariance dimension of the data in the cell A besplit. The covariance dimensions of the cell
may over the course of the split implying that deerease rates may vary.
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The axis-parallel splitting rules (k-d tree or dgatree) do not always adapt to data that is
intrisically low-dimensional: a data set iR” that has Assouad dimension O (logD), k-d trees
(and dyadic trees) require D levels to halve tha deameter.

The adaptivity of axis-parallel rules to covariambemension is unclear, but the decrease diameter
depends on D. The following proposition states th&tkes at mosD (D log D) (log(1k)) levels

to decrease average diameter te anaction of the origianl data diameter.

Proposition 3 (N. Verma, S. Kpotufe and S. Dasgupta, 2009): 8spm partition tree is built
using either k-d tree or dyadic tree by cyclingptigh the coordinates. Ldi be the partition of

X defined by the nodes at level I. Then we have

D
4a(A) < 2(A) < Sppp 4°(0)

On the other hand, the irregular splitting rules®(RPD, 2M trees) always adapt to intrinsic
dimension. They therefore tend to perform bettereah world tasks.

We summarize the diameter decrease ratdof the types of spatial partitioning analyzedhis
section (smallest such that data diameter is haveld evefgvels):

RPTree:k <O(d)

PD Treek <O (Y ;—; )2

2M Tree:k< O (min { d, (zj—;’)z 1)

Dyadic/ Kd Treek <O (D log D)

It is important to underline that the RP-Tree playscrucial role in algorithms for fast
approximate nearest neighbor searches (see s@cBprand clustering (see section 4.3).

2.3. Approximation Nearest Neighbor Algorithm
A large part of the benefit of RP trees comes frbmuse of random unit directions, which is
rather like running k-dtrees with a preprocessitegp 9n which the data are projected into a
random low-dimensional subspace. In fact, a reexperimental study of nearest neighbor
algorithms observes that a similar pre-processieg smproves the performance of nearest
neighbor schemes based on spatial data structkirasarest neighbor computation has been
widely used in spatial databases.
The k-nearest-neighbor searching problem is to ffrelk nearest points in a datasetcXR”
containingn points to a query point g R°, usually under the Euclidean distance. It has
applications in a wide range of real-world settings particular pattern recognition, machine
learning and database querying.
In presence of high dimensionality the problemedefined in terms cdpproximate searching
One approach is based on the dlapproximate k-nearest-neighbor searching problemch
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returns points whose distance from the query imnee than (1) times the distance of the true
k™ nearest-neighbor.

The most widely used algorithm for nearest-neighbearch is the kd-tree (Freidman et al.,
1977), which works well for exact nearest neighearch in low dimensional data, but quickly
loses its effectiveness as dimensionality increases

To solve this question, one approach is based mhora projection trees that allow to deal with
the high-dimensional datasets. In the €1 NN search algorithm, the random projection asea p
processing step: project the datapoint to a sulespaclower dimension and then do apply the
hybrib sp-tree search (for more details keeT. et al., 200h

3. SPATIAL CART

We briefly recall some general background on Cfasdion and Regression Tree (CART).
Classification and regression tree has been an rtarpjodata mining methodology for the
analysis of large data sets via binary partitionangcedure (Breiman et al, 1984). It consists in
recursive division of N cases on which a resporass@ble and a set of predictiors are observed.
Such a partitioning procedure is know as regresdree when the response variable is
continuously valued and as a classification treeerwthe response variable is categorical. A
classification tree procedure provides not onlylassification rule for new cases of unknow
class, but also an analysis of the dependencesteua large data sets.

Figure 5 depicts a simple tree structure with lagers of nodes.

N
"N
_//\ / lnlcrn;n\)-

| \ node
Terminal
Node —

Terminal
Node

Terminal
node

Figure 5: A simple tree structure (Y. Leung, 2010).

The root node contains the entire learning sampdetlae other nodes correspond to subgroups of
the learning sample. The two subgroups in thealedt right offspring nodes are disjoint, and their
union comprises the subgroups for the parent nAdsgitical step of the tree-based technique is
to determine the split from one parent node to ¢féspring nodes.
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Let (X,Y) be a multivariate random variable wherasXhe predictor vectdrX;, ..., Xim, - Xy )
whereXy, ..., X;m, .., Xy (MF1,..., M) can be a mixture of ordered and categbnariable: and Y
is the criterion variable taking values in the afgprior classe§ ={ 1, ...,J, ..., J}.

Four elements are needed in the classificationgre®ing procedure:

A set of binary questions of the formg X e A? }.

A goodness of split criteriofi ( s|t) that can be evaluated for any split s of any node t
A splitting termination rule.

A rule for assigning every terminal node to a class

For each ordered variabkg,, all questions in a set of binary questions arthefform { isX,, <
c?} for c ranging over ¢, ).

If X,,, is categorical taking values, say, ih,{b,,...b, }, then all questions in a set of binary
guestions are questions of the forns X € s?}, ass ranges over all nontrivial subset of
{b1,b,,...by }.

The set of binary questions generates a set Q li$ spf every node t. For those cases in t
answering “yes” to a question will go to the lefisdendant nodet{} and those answering “no”
will go to the right descendant nodg}.

The goodness of split is measured by an impuritgtion defined for each node. Intuitively, we
want each leaf node to be “pure”, that is, onesctimminates.

R\

Definition 1 (Breiman et al., 1984Animpurity function is a functionp defined on the set all J-
tuples of numbers {p.., p) satisfyingp; >0, j=1, . .., J,%; p; = 1 with the properties
0] @ is a maximum only at the poinjl-,t (%, %)
(i) @ achieves its minimum only at the point (1,0 , ..., @,1,... ,0), ...,
(0,0,..,0,1)
(i) @ is a symmetric function ofip.., p.

Definition 2 (Breiman et al., 1984¥5iven an impurity functiod, define thempurity measure
i(t) of any node t as

(=0 plo),p2le), ..., pJIt)
If a splits of a note t sends a proportipp of the data cases in t tgand proportiorp, to t; ,
define thedecreasein impurity to be

Ai(s,t) =i(t) —pgi(tr) —p,i(t,)
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wherepg andp, are the proportions of the samples in node tgbato the right nodeg; and the
left nodet,; respectively.

Definition 3 (Breiman et al., 1984}he Treeimpurity | (T) is defined by

1) = ) 1© = ) i©)p®)

teT teT
whereT denote the set of terminal node.

The most popular splitting rules are the Entropy tre Gini index.
TheEntropy index is
H(®©)=X;pr(1t) log{ p(jIt)}

TheGini index is

D(t) = ¥, pGlO) p(ilt) = 1— X_, p*GilD)
Both indices are equal to 0 when there is onlyscla®sent in leaf t and maximum when all
classes are present equal probabilities.
Let be 7, ...,XP,Y) an independent sample of random variables, wkiki® the explanatory
variables and Y is categorical variable to expldiriEhe final tree overfits the available data and
the prediction error R(T) = P{T (X1,..,XP) #Y} is typically large. In designing a
classification tree, the ultimate goal is to proeldimom the data a tree T whose probability of
prediction erroR(T) is as small as possible. Thus, in second stagdréleeT is “pruned” to
produce a subtréB’ whose expected performance is superidt({D).
When the data are independent samples the propeijft) is estimated by (j|t) = n;./n,
wheren;; is the number of samples in leaf t that are irsgjaandn, is the total number of
samples in leatf.
Definition 4 (L. Bel, D. Allard, J.M. Laurent, R. Cheddadi, AaBHen, 2009) Thempirical
risk is

n

. 1

R(T) :EZ I{T (X,..,XE)#Y,}
a=1

wherel (+) is the indicator function arna the total number of samples.

In the case of spatial data, the assumption reledesamples independence is not acceptable
because these data generally exhibit strong depeadhie to their possible proximity.

We present two approaches to adapt CART to the faspatially dependent samples. The first
one considers the irregularity of the sampling bgighting the data according their spatial
pattern. The idea is to “decluster” the data basethe Kriging method.

A second approach that uses spatial estimate® afuntities involved in the construction of the
discriminant rule (L. Bel, D. Allard, J.M. LauremR, Cheddadi, A. Bar-Hen, 2009).
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Let be {X! (sg),...,XP(s4),Y(s¢)},a = 1,...,n the samples that are originated from random
fields {X* (-), .., XP(-),Y(-)} on some domairD e R? and explicity take into account the
dependence structure on these fields.

The basic idea of the first approach is to weidjiet $amples such that clustered data have less
weight than sparse data. In particular we have:

PUID = ) 1{Y(a) =1}

aet

and
R(T) = S0y o I{T (X' (54, o, XP(50)) # Y (50D}, S E0y Wy = 1

For determining these wieghts we consider the neethlated to geostatistics (L. Bel, D. Allard,
J.M. Laurent, R. Cheddadi, A. Bar-Hen, 2009).

If the covariance functioa (-) of a random field (-) is know, the best linear unbiased predictor
of a regional average on a 2d domains the so calleKriging of a regional average (or
kriging of the mean iD - R?) . Let us denoté&;, the averag€ (-) overD. The kriging ofZp

is the quantityp= Y, w, Z (s, ), such thak (Z; — Zp) = 0 andvar (Zp — Zp) is minimum.

It can be shown (Wackernagel, 2003) that the veéttes (wy,...,w,)T is the solution of the
system

(7 )= CI(F)
17 0 v/\1
whereC is the matrix whose, g element i (s,, sz ) , Cp is the vector with elements

1
C(Sq, D)= ﬁfl’ C(sy, s)ds

1 is a vector of ones of length and v is the Lagrange parameter associated with the
unbiasedness condition. To evaluate the last iatege define a grid G o® and use the
following approximation

1 1

C(sq, D)= HID C(sq,s)ds = E Zsﬁ ec C(Sar Sp ).

This method consists in applying the kriging pagadito the regional average 0f(:) and use
the resulting kriging weights in the CART algorithm
The solution of the adpated kriging system is

miny, var (WTY —Yp) with1T W =1 andw, >0
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whereY = (Y4, ..., Y,)T.
Finally, this approach allowes to reduce the biathe regression tree by taking into account the
spatial redundancy of the data.
Instead of simply introducing weights, a secondrapph consist in deriving spatial estimates for
all quantities involved the algorithm: proportiandeaves, Gini index and empirical risk.
In the case of two classes, only one parameterribdess the proportion of each class and the
variance of the indicator of, say class 1, and Benc

D =2p(1—-p) =202
There are several possibilities for extending te&nttion of Gini index to spatial data but we
report the approach followed by (L. Bel, D. AllardiM. Laurent, R. Cheddadi, A. Bar-Hen,
2009).
Consider a leaf t of the tree T. The theoreticalbpprtionp(j|t) of class j in t is the conditional
probability P (Y = j|X € B,)= E{I (Y =j|X € B;)}, where B, is thee subdomain oR”
corresponding to the leaf t. It can thus be egemay kriging the spatial average of the variable
I{(Y(:) =j|X (-) € B:} over the domaiD; defined as the set of locatieane D such that
(Xt (s),...,XP (s)) € B,.
Applying the kriging approach on the estrilmatiorpoflt) leads to

PUID = ) AI{¥(s)=1)
a:X(Sq )E Bt
wherel, is the solution of the system of equations withx: X(s, ) € B;:

Spx(sp)e 548G GarSp) = 1o Jy €5 8) dis 3)

under the constrairf, 1, = 1. In the above equation;(s,s") is the covariance function of

H{(Y(s) = jlX(s) € Bt}
The Gini index is then computed from the estimgtexportions:

Dy = 1-%,;p (ilt)? 4)(
In this setting, the empirical risk is also estiathby kriging the spatial average of the variable
I{T (X(-) #Y(-)} onD. Notice that the domaip;, is not known, it is approximated by the
convex hull of the sample points lyingip and the integral is computed on the points ofgifie
G falling within that convex hull.
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Proposition 4 (L. Bel, D. Allard, J.M. Laurent, R. Cheddadi, Bar-Hen, 2009).

For the model described above, let us denote Dpibyulation Gini index irD, andD its
estimate computed frqd). Let us further denote (D) the number of samplesih Assume that
the density of samples tends to a strictly posigjuantity as the domain increas%zi—) - 1>

0asD — R? Then,a® - R?,
E[D] » D

Proof. The estimated proportigiy are obtained from the solution of the kriging ettpra(3)

R _ 1-1€¢7'¢Cjp
=Y, A= G (CJ.D +#;1111>

whereC; and(;  are the matrix that corresponding respectivelthto left-hand side and right-
hand side of 5. It is easy to show tl&tp;) = p,; and (p;*) = 4;" €;4;. Hence, we have:

[D]=D-23; 4" C;4; 5)

After straightforward developments, each term @& sum in (5) is seen to be equal to twice
Cp; Cj'Cpj+ {1—(A7C;Cpj)?Y 17C;7*1. But, asD - R?, each element of the vector
Cp,j » 0 by the ergodic assumption; amac,.—11 - o asD - R? because the number of
samples irD tends to infinity. HenceE [D] —» D asD — R2.

4. A REVIEW SOME OF THE EXISTING ALGORITHMS FOR CLUSTERING
HIGH-DIMENSIONALTY DATA: DENSITY-BASED ALGORITHMS FOR CLUSTERS
DISCOVERING (DBSCAN) AND SPECTRAL CLUSTERING

4.1 A Density based notion of clusters
The key idea of a density-based cluster is thatfarh point of a cluster its neighborhood for
some given radius has to contain at least a minimumber of points, i.e. the “density” in the
Eps-neighborhood of points has to exceed some hiblcegEster et al. 1996). This idea is
illustrated by the sample sets of points depicatefigure 6.

18



.'l Ey .::: :‘ ,
_=:‘ l-i': |‘:- "
---- . W .
L LT
-:':-. e
LT L E
" e sy W Lt Sthamand auh
. et :::.' e L Rl 2 "‘T‘H‘fa .
ity
database 1 database 2 database 3

Figure 6: Simple databases (M. Ester, H.-P. KriegeSander,1996)

In these examples, we can easily and unambigualesict clusters of points and noise points not
belonging to any of those clusters, mainly becavsdave a typical density of points inside the
clusters which is considerably higher than outsitithe clusters. Furthermore, the density within
the areas of noise is lower than the density inadrige clusters.

In the following, we formalize the intuitive notiasf “clusters” and “noise” in a database D of
point of k-dimensional space S.

The shape of a neighborhood is determined by tb&ehof a distance function for two points p
and g, denote bgist(p, q). DBSCAN is a density based algorithm which diseevausters with
arbitrary shape and with minimal number of inputgoaeters. The input parameters required for
this algorithm is the radius of the cluster (Epsdl aninimum points required inside the cluster
(MinPts).

The following definitions are the key conceptstbe DBSCAN algorithm.

Definition 5 (M. Ester, H.-P. Kriegel, J. Sander,1996)he Eps-neighborhood of a point p,
denote byg,,s (p) is defined b¥g,s (p)= {q € D|dist (p,q) < Eps}.

A naive approach could require for each point iolwster that there are at least a minimum
number MinPts) of points in an Eps-neighborhood of that pointisTapproach fails because
there are two kinds of points in the cluster, tloen{s which is inside the clustecofe points),
and points on the border of the clustaarfler points). In general, for every point p in a cluster C
there is a point g in C so that p is inside of Hps-neighborhood of g arnd;,s contains at least
MinPts points. This concept is elaborated in the follaywlefinition.

Definition 6 (M. Ester, H.-P. Kriegel, J. Sander, 1996): A pgins directly density-reachable
from a point q with respect to Eps, MinPts if

1) pE NEps (q) and
2) [Ngps ()] = Minpts (core point condition).
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Obviously, directly density-reachable is symmefadc pairs of core points. In general, however,
it is not symmetric if one core point and one bong@nt are involved.
Figure 7 shows the asymmetric case.

(@) p b) ﬁ p directly density—
. " - o s reschsble from g

piborderpoint o« 4 . L ., .,
0 core point * b b "
- : - . - . : . - 0 hot directly density-

. LI reachable from p

Figure 7: core points and border points (M. Estdr;P. Kriegel, J. Sander,1996)

Definition 7 (M. Ester, H.-P. Kriegel, J. Sander, 1996): A pgnis density-reachable from a
point g with respect to Eps and MinPts if thereaighain of point®,,...,pn, P1 =q Pn =

p such thap;, is directly density-reachable from.

Density-reachability is a canonical extension ofedi density-reachability. This relation is
transitive, but it is not symmetric.

Definition 8 (M. Ester, H.-P. Kriegel, J. Sander, 1996): A pqins density-connected to a point

g with respect to Eps and MinPts if there is a poisuch that both, p and q are density-reachable
from o with respect to Eps and MinPts.

This relation is a symmetric relation and for dgnseachable points it is also reflexive.

Definition 9 (M. Ester, H.-P. Kriegel, J. Sander, 1996): Debe a database of points.chuster
C with respect to Eps and MinPts is a non-emptgsubfD satisfying the following conditions:
1) v p, q: if pe C and q is density-reachable from p wrt. Eps andP&, then g C
(Maximality);
2) Vp,qifpe C: pisdensity-connected to g wrt. Eps and N8r{onnectivity).

Definition 10 (M. Ester, H.-P. Kriegel, J. Sander, 1996). Cgt..., C, be the clusters of the
database D with respect to parameters &ps MinPtg i=1, ..., k. Then we define thaoise as
the set of points in the database D not belongm@ny clusteC;, i.e. noise={pe D |V i: p
ac;).
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4.2 The Algorithm

In this subsection, we describe the algorithm DBSIC@®ensity Based Spatial Clustering of
Applications with noise) that is designed to dismothe spatial data clusters with noise. The
steps involved in this algorithm are as follow§): s€lect an arbitrary point; (ii) retrieve all pts
density-reachable from p with respectBps and MinPts (iii) if p is a core point, a cluster is
formed; (iv) if p is a border point, no points aensity reachable from p and DBSCAN visits the
next point of the database; (v) continue the preocedil all the points have been processed.
DBSCAN requires two input parameters (Minimum psiand radius) and supports the user in
finding an approximate value for it usikefist graph
Let d be the distance of a point p to its k-th esaneighbor, then the d-neighborhood of p
contains exactly k+1 points for almost all pointsThe d-neighborhood of p contains more than
k+1 points only if several points have exactly siaene distance d from p which is quite unlikely.
Thek- distapproach looks at the behavior of the distance fquoint to itkth nearest neighbor.
If kis not larger than the cluster size, the valu& efdistis small for points that belong to the
same cluster. Thie- distfor points not in the cluster is relatively largéne idea is to pick a value
of k to be theMinPts The following steps are performed to find theueabfk:
» Compute thék- dist (distance to it&th nearest neighbor) for each of the data points.
» Sortk- distmeasures in increasing order.
» Plot the sorted-distvalues: this graph is called the sorkedist graph We expect to see
a sharp change at the value dafikt (threshold point)hat corresponds to a suitable value
of Eps If we select this distance as tBpsparameter and take valuelofs theMinPts
parameter, then points for which k-dist is lesstBas will be labeled as core points,
while other points will be labeled or border points

-

A-dist T . threshold
" point

7

.-'-'.

noise clusters

p Points

Figura 8: sorted 4-dist grapgh for sample datab&g@/. Ester, H.-P. Kriegel, J. Sander,1996)

21



Finally we observe that DBSCAN is very robust tdlieus but it very sensible to the choise of
values of these parameters (Eps, MinPts) andhigisly affected by the distance measure used in
finding the distance between two points.

The algorithm fails to identify clusters if densugries and if the data set is too sparse.

It is very important underline the improvement peniance of DBSCAN when we use spatial
structures as Kd-trees.

The use of the Kd-tree data structure enablesiefticomputation of the k-nearest neighbours
(k-NN) of a pattern point, particularly for largatd. (Sushmita Mitra, Jay Nandy, 2011).

The basic time complexity of the DBSCAN algorithex@(m*time to find points in the Eps-
neighborhood)where m is the number of points. In the worst ¢ase complexity of DBSCAN
algorithm isO(nf). However, in low dimensional data, this time coexily can be reduced to
O(m log m) using Kd- trees, that allow efficientrieval of all points within a given distance of a
specific point. The space requirement of DBSCANereltigh-dimensional data, @(m)because

it is only necessary to keep a small amount of dataeach point i.e. the cluster label and the
identification of each point as a core, or noisenp@Pang-Ning Tan, Michael Steinbach and
Vipin Kumar, 2005).

4.3 Spectral CLustering

In the current subsection we briefly introduce s clustering methodololghy and we present
the fast spectral clustering based on RP-Tree, instiis case as a local data reduction step.
Clustering is a fondamental problem in data minstgtistical machine learning and scientific
discovery. In particular in spatial data miningyiae variety of methods have been devoloped to
solve spatial clustering problem (Han et al., 2001)

Some clustering methods are strongly lied to Eeelidgeometry, making explicit or implicit
assumptions that clusters form convex regions inli®an space, spectral methods are more
flexible and capturing a wider range of geometry.

Given a set ofi data points, ... x,, with eachx; € RY, we define araffinity graphg = (V,E)

as an undirected graph in which t¥& vertex corresponds to the data paintFor each edge
(i,j) € E, it is associated a weighj; that encodes the affinity (or similarity) of thatd points

x; andx;. The matrixAd = (a;;);’;=, is theaffinity matrix

The goal of the spectral clustering is to partitiba data inton disjont classes such that eagh
belongs to one and only one class. Different spediustering formalize this partitioining
problem in different way. We report thermalized cutgNcut) formulation(Donghui Yan, Ling
Huang, Michael I. Jordan, 2009).
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DefineW = (V,V,) = Yiev, jev, @;; for two (possibly overlapping) subsétsaandV, of V.
LetV = (V,,..,Vy) denote a partition df, and consider the following optimization criterion

W (ViV)-W(V;V;)
W (VjV)
affinities on edges leaving the subBeand the denominator is equal to the total degrethef
subse®; . Minimizing the sum of such terms thus aims atlifig a partition in which edges with

large affinities tend to stay within the individuslibse?; and in which the size of thHg are

Ncut= Z’}’;l , Where the numerator in thig* term is equal to the sum of the

balanced.

The equation above is intractable and it can beitiegy as normalized quadratic form involving
indicator vectors that then replaced with real-edlwector, resulting in a generalized eigenvector
problem. The problem is redefined in terms of (hermalized)graph LaplacianL of A as
follows:

L=D"Y2(D—-AD Y2 =]-D 24D/ =] "

whereD = diag (dy, ...d,) withd; = ¥7_, a;; ,i = 1,..,n and where the final equality defines
L°. Ncut is based on the eigenvectors of this nozadlgraph Laplacian.

A specific example of a spectral cluster algoritbased on Gaussian Kernel as the pairwise
affinities is defined by:

Algorithm 1 Spectral Clustering (Donghui Yan, Ling Huang, Michael I. Jordan, 2009)

2

2
1. Compute the affinity matrid with elements a;; = exp (—@) i,j=1,..,n
Compute the diagonal degree matrix D with elemeditss Y7_; a;;
Compute the normalized Laplacian matiix= D~'/? (D — A)D~1/?

Find the second eigenvector of L
Obtain the two partitions using: S = {i : (v,); > 0},S ={i : (v,); < 0}

o s wbd

We observe that we have:
Input: n data points §; }-; ,x; € R
« Ouput: BipartitionS and S of the input data
Vector quantitization is the problem of choosinge of representative points that best represent
a data set in sense of minimizing a distortion meas
When we use the RP-tree as a local distortion-mang transformation, the algorithm is called
“RP-tree-based approximate spectral clustering” (RASP) and it is obtained by:
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Algorithm 2 RASP_(Donghui Yan, Ling Huang, Michael I. Jordan, 2009)
1. Build an h-level random projection tree ©f) ..., X,,; compute the centers of mass...yx
of the data points in the leaf cells as the k repnéative points.
2. Run a spectral clustering algorithm vy ...y, to obtain anm-way cluster membershij
for each ofy;.

3. Recover the cluster membership for eachy looking up the cluster membership of the
corresponding centroig.

J

In the algorithm above we observe that we have:

 Input: n data points £; }{';=; , number of representative poirkts

e Ouput: m-way partition of input data
The total computational cost of this method i€ Y O(hn) , where the Gfn) term arises from
the cost of the bulding the h-level random projactiree.
The vector quantization error is calculated bydkeragesquaredEuclidean distance between a
vector in the set and the representative vectarhich it is mapped. This error is closely related
(in fact, proportional) to theverage diameteof cells, that is, the average squared distance
between pairs of points in a cell. We remind thaRP-Tree the diameter of the cells for a vector
quantization construction method depends on théngit dimension, rather than the extrinsic
dimension of the data.
The quantization error of the RP tree is charaoterin terms of local covariance dimension as
showed in the Theorem 2 (for more details view iBa®).
Finally, the latter Theorem shows that the vectoardization error of RP tree behaves as

h
e %@ with h the depth of the tree andl the intrinsic dimension of the data. Thus the
gquantization error can be made small as the trpthdes grows.

6. CONCLUSIONSAND FUTURE WORKS

In this paper we have presented a briefly introduncto the notions of intrinsic dimension and
diameter to analyze the class of space partitiotiegs. Furthermore, we have examinated a
framework of classification and regression treed ae have reviewed a particular version of
CART based on the blend of geostatistic methodoleggh as Kriging and heterogeneity
measure such as Gini index. We have showed thé&atrote of space partitioning trees, that are
more used in Machine Learning, to implement somatiap clustering methods and nearest
neighbor algorithms. In future works, we would extehis version of CART in economic fields
and show how it can supported the statistic or ecwtric spatial models.

Finally, we would investigate other tecniques afadaining such as grid based-methods, support
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vector machine, random forest, boosting and nengaborks, to study the improvement of the
accuracy of classification or regression method&jng account the complexity and the
peculiarities that characterize the various typés gpatial data (point data, continuous data,
regular and irregular areas).
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ABSTRACT

The widespread use of information technology, renseinsing and GIS (Geographic Information
System) in several fields, is leading to a consitler usage of geo-spatial data. One of research
study related to exploring of data with large votupatial Data Mining. It combines different
disciplines: databases technology, artificial idehce, machine learning, probability and
statistics, visualization, information science,t@at recognition. Spatial Data Mining (SDM) is
the process of discovering interesting and preWoursknown, but potentially useful and reliable
patterns from large spatial datasets. This proisas®re complex than conventional Data mining
because of the complexities inherent in spatish.dihe main difference between data mining
and spatial data mining is that in spatial dataimginasks we use not only non-spatial attributes
(as it is usual in datamining in non-spatial data)i also spatial attributes. Spatial database
represent, store and manipulate spatial data swchpants, lines, areas, surfaces and
hypervolumes in multidimensional space. The existeof high dimensional datasets in spatial
datamining affects pattern recognition and knowedfiscovery, because the search space
usually grows exponentially when the number of disiens increases. This issue is known as
"the curse of dimensionality". In this paper we gar® an overview of the methods in the
literature to overcome this problem based on theeig# principle of "recursive decomposition".
In particular we focus on two directions: 1) thasd of space partitioning tree that includes PCA
trees, k-d trees, dyadic trees, random projecti@est (RP-tree); 2) a spatial version of
classification and regression trees (CART). We stigate the curse of dimensionality inherent to
these methods and their behavior when high dimaakidatasets have low intrinsic dimension.
Finally we review some of the existing algorithnm® tlustering high-dimensional data like
spectral clustering and density-based algorithmiscfosters discovering (DBSCAN) and we
show the relationship with RP-tree in terms ofa@éincy and computational complexity.
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